CHAPTER IV
THE SYMMETRY APPERTAINING TO PARTITIONS
-JC
509. It has already been observed in Art. 428 that the three-dimensional graphs of plane partitions have either one, two, three, or six aspects, leading to one, two, three, or six different readings. There are thus four classes of graphs and partitions, and although their complete theory has not yet been discovered, the subject may be usefully discussed up to a certain point. Taking an origin and three coordinate axes, the graphs which permit of only one reading are symmetrical about the line through the origin equally inclined to the three coordinate planes (or axes). Upon that line, which may be called the diagonal of the solid graph, there must be one node, at the origin, and there may be any number. First consider the symmetrical graphs which have only the origin node upon the diagonal. Then the whole of the nodes must lie in one or other of the three coordinate planes. For every node upon the axis of x there must be corresponding nodes upon the axes of y and 2. For every node, not upon an axis, that lies in the plane xy there must be corresponding nodes in the planes yz and zoo. The nodes that lie in any one of the three coordinate planes constitute a self-conjugate graph in two dimensions. We thus obtain three perfectly similar self-conjugate graphs, but they are not quite distinct, because there is overlapping due to the circumstance that the origin node lies in each of the three planes, while every node which lies upon one of the coordinate axes necessarily lies in each of two of the coordinate planes. We may therefore separate the nodes into three lots: (i) the origin node, (ii) nodes which lie upon the axes, the origin node excepted, (iii) the nodes which do not lie upon an axis. The nodes in (ii) occur in threes. The nodes in (iii) constitute in each coordinate plane the same self-conjugate graph, and therefore these nodes also occur in threes. The whole number of nodes must consequently be of the form 3m + 1.
